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Abstract. A theory of a non-relativistic, complex scalar field with derivatively coupled in-
teraction terms is investigated. This toy model is considered as a prototype of a classicalizing
theory and in particular of general relativity, for which the black hole constitutes a prominent
example of a classicalon. Accordingly, the theory allows for a non-trivial solution of the sta-
tionary Gross-Pitaevskii equation corresponding to a black hole in the case of GR. Quantum
fluctuations on this classical background are investigated within the Bogoliubov approxima-
tion. It turns out that the perturbative approach is invalidated by a high occupation of the
Bogoliubov modes. Recently, it was proposed that a black hole is a Bose-Einstein condensate
of gravitons that dynamically ensures to stay at the verge of a quantum phase transition. Our
result is understood as an indication for that claim. Furthermore, it motivates a non-linear
numerical analysis of the model.ar
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1 Introduction
Recently, Dvali and Gomez proposed a microscopic picture of black holes [1–3]. According
to them, black holes can be understood as Bose-Einstein condensates of gravitons. In this
picture, the Schwarzschild geometry would effectively emerge from the interaction of a test
particle with the condensate of gravitons. In [4, 12] this picture was further elaborated and
the authors concluded that the black hole is at the point of quantum phase transition.
Within the Schwarzschild radius, the graviton theory is strongly coupled. This necessi-
tates to sum up a large number of equally important terms in the perturbation series. This
fact and the relativistic nature of the graviton theory makes it hard to obtain any quantitive
predictions along the lines of [1–4, 12] within the theory of general relativity. Therefore, in
this paper we propose a non-relativistic, derivatively coupled toy model that allows to quan-
titatively compute properties expected for black holes according to [1–4, 12]. Our model is
constructed such that it contains a ground state corresponding to the black hole of general
relativity, which is nothing else but a non-relativistic classicalon state. For a description of
the concept of classicalization in the case of gravity see [5, 6] and for its generalisation to
other derivatively coupled theories compare to [7–10].
We perform a quantum perturbation theory around a highly occupied classical state
(so called ’Bogoliubov approximation’) which is supposed to make up the classicalon. Our
results indicate that the perturbative approach is not applicable, which is exactly what we
expect to see if the system indeed manages to stay at the point of quantum phase transition.
Therefore, we see indications for the claims of [4, 12], even though only a subsequent numerical
and non-linear analysis will clearly decide about the status of our model.
Our paper is organized as follows: Section 2 summarizes the main ideas of [1]. Section 3
contains our model and results. Future prospects of our theory are discussed in Section 4.
2 Black Holes as Graviton Condensates
2.1 Quantum Portrait
The starting point in the approach of [1–4] is the observation that the graviton interaction
strength αgr is momentum dependent due to the derivatively coupled nature of interaction
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terms of the metric fluctuation field with itself:
αgr = hGNλ
−2 , (2.1)
where GN is Newtons constant and λ is the typical graviton wavelength involved in a given
scattering process. For the case of black holes, the characteristic wavelength is set by the
Schwarzschild radius rg = 2GNM ∼ λ, where M is the mass of the black hole. Accord-
ingly, each graviton contributes an energy ∼ h/(2GNM). The total number N of gravitons
constituting a black hole is thus
N =
2GNM
2
h
∼ λ
2
L2P
, (2.2)
where we have introduced the planck length LP =
√
hGN . Equation (2.2) is also true for the
number of gravitons contained in the gravitational field of other objects such as planets since
it can be obtained from summing up the Fourier modes of any Newtonian gravitational field
φ = −rg/r. Inserting (2.2) in (2.1) yields the dependence of the coupling with N
αgr =
1
N
. (2.3)
The occupation number N can be understood as the parameter measuring the classical-
ity of a given object composed out of gravitons, in this case black holes. Intrinsic quan-
tum processes such as the decay into a two particle state are exponentially suppressed
〈Out| exp (−S)|In〉 ∼ exp (−N). Additionally, the number of gravitons produced in the grav-
itational field of any elementary particle is negligibly small, for example for an electron we
get N = 2Gnm2e/h ≈ 10−44. This shows why elementary particles cannot be considered as a
classical gravitating object (even though they contribute a standard Newton law at large dis-
tances), and in particular it becomes clear why a single elementary particle does not collapse
into a black hole.
Let us contrast black holes with the gravitational field of other objects such as planets.
Assuming that the characteristic wavelength of the gravitons is in any case given by the
characteristic size R of the object, we obtain as the gravitational part of the energy
Egrav ∼ Nh
R
∼M rg
R
. (2.4)
This shows that for objects not being a black hole (i.e., for R > rg) a substantial part of
the energy is carried by other constituents than gravitons. This is why the gravitational
field of other objects than black holes cannot exist without an external source, for example
a planet. However, once the extension of the gravitational object reaches R = rg, the whole
energy M of our object is stored in the gravitational field, so that an external source is not
required to balance the energy budget. It is exactly at this point where the interaction of
an individual graviton with the collective potential generated by the other gravitons becomes
significant. This can most easily be seen by appreciating that the classical perturbation
series in the metric fluctuation field h about a Minkowski background breaks down at the
horizon rg. However, the interaction of two individual gravitons is still small as long as we
consider regions r > LP . Given that the dominant interaction is gravity itself, the authors
of [1] concluded that black holes are self-sustained bound states of gravitons. Moreover, black
holes are maximally packed in the sense that the only characteristic of a black hole in the
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semi-classical limit is the number of gravitons N composing it, and any further increase of this
number results inevitably in an increase of the size and mass of the black hole. This becomes
clear since by default the extension of the black hole is no free parameter but given by rg,
and accordingly all physical black hole quantities (mass, size, entropy, etc.) can be quantified
by N . This is nothing else but the famous no-hair theorem translated in the language of
gravitons. An important consequence of this picture is that black holes always balance on the
verge of self-sustainability, since the kinetic energy h/rg of a single graviton is just as large
as the collective binding potential −αgrNh/rg produced by the remaining N − 1 gravitons.
Thus, if you give a graviton just a slight amount of extra energy, its kinetic energy will be
above the escape energy of the bound state. In [1] it was therefore concluded that black holes
are leaky condensates.
The above reasoning strictly applies only in the (semi-)classical limit N → ∞. This is
important, because we might wonder how a quantum effect like Hawking radiation can be
understood in our picture of highly occupied graviton states, since usually we expect quantum
effects to be exponentially suppressed. Actually, to explain this, the authors in [4] conjectured
that the black hole is at a point of quantum phase transition. Thus, quantum excitations are
always significant and cannot be ignored. In particular, given that black holes are leaky
condensates, every quantum excitation will lead to the escape of the corresponding graviton.
These escaped particles are interpreted as the Hawking radiation of the black hole.
Moreover, due to the quantum phase transition, the leading corrections to the above
(semi-)classical (N → ∞) picture are not exponentially but only 1/N suppressed. This
makes it possible for any finite N to retrieve information from the black hole (for instance
the Hawking spectrum contains 1/N corrections, making it for example possible to read out
the amount of Baryons originally stored in the black hole). The famous information paradox
is thus just a relict of working in the strict (semi-)classical N → ∞ approach in which the
hair of the black hole is negligible compared to the N graviton state.
In the next section we discuss the well known physics of quantum phase transition for
the example of a non-relativistic condensed matter system. Assuming that black holes behave
similar to this model, we will qualitatively discuss the implications for black hole physics, as
it was done in [4].
2.2 On the Verge of Quantum Phase Transition
The discussion of this section closely follows [11], where the properties of a quantum phase
transition are studied. We want to describe a system of N bosons of mass m with an at-
tractive interaction in one dimension of size V at zero temperature. The second quantized
field Ψˆ(x, t) in the Heisenberg representation is measuring the particle density at position x.
The corresponding Hamiltonian reads
Hˆ =
~2
2m
∫ V
0
dx(∂xΨˆ)
†(∂xΨˆ)− U
2
∫ V
0
dx Ψˆ†Ψˆ†ΨˆΨˆ , (2.5)
where U is a positive parameter of dimension [energy] × [length] controlling the interaction
strength. The dynamics of Ψˆ(x, t) are given by the Heisenberg equation
i~
∂
∂t
Ψˆ =
[
Ψˆ, Hˆ
]
(2.6)
=
(
− ~
2
2m
∂2x − U(Ψˆ†Ψˆ)
)
Ψˆ (2.7)
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where the equal time commutation relations[
Ψˆ(x, t), Ψˆ†(x′, t)
]
= δ(x− x′)
[
Ψˆ(x, t), Ψˆ(x′, t)
]
= 0 (2.8)
have been used. Applying the mean-field approximation amounts to replacing the opera-
tor Ψˆ(x, t) by a classical field Ψ0(x, t). This replacement is justified when the quantum
ground state is highly occupied. In this case the non-commutativity of the field operator
is a negligible effect. Since we are looking for stationary solutions, the time dependence is
separated in the usual way
Ψ0(x, t) = Ψ0(x) exp
(
− iµt
~
)
, (2.9)
where µ is the chemical potential. Inserting this ansatz in (2.6), yields the stationary Gross-
Pitaevskii equation. A trivial solution that fulfils the periodic boundary conditions Ψ0(0) =
Ψ0(V ) is given by
Ψ
(BE)
0 (x) =
√
N
V
= const. (2.10)
This solution corresponds to the homogenous Bose-Einstein condensate. However, this so-
lution is the minimal energy configuration only for U < Uc. The critical value has been be
derived in [11] to be: Uc = ~2pi2/(mVN). For U > Uc the ground state is given by an
inhomogenous solution Ψ(sol)0 (x) describing a soliton. By increasing the parameter U , i.e. the
interaction strength, the ground state of the system undergoes a phase transition from the
Bose-Einstein phase to the soliton phase once the critical point Uc is reached. As the authors
in [11] have shown, this point of phase transition is characterized by a cusp in the chemical
potential µ(U), the kinetic energy kin(U) and the interaction energy int(U) per particle as
functions of U .
The main result of [11] was to show that at the point of phase transition quantum
corrections to Ψ0 become important and a purely classical description is no longer possible,
therefrom the name ’quantum phase transition’. A suitable way to investigate this effect is
provided by the Bogoliubov approximation in which the classical field Ψ0 is furnished with
small quantum corrections δΨˆ. A proper quantum mechanical treatment, of which the details
are given in the next section, allows to derive the famous energy spectrum of the Bogoliubov
excitations
(k) =
((
~2δk2
2m
)2
− ~
2UN
mV
δk2
)1/2
(2.11)
=
((
pi~2
mV
)2
δk2
[(
V
2pi
)2
δk2 − U
Uc
])1/2
.
Due to the periodic boundary conditions, the momentum δk of the Bogoliubov modes is quan-
tized in steps of 2pi/V . From (2.11) it is clear that once the interaction strength approaches
the value Uc, the energy of the first Bogoliubov mode (δk = 2pi/V ) vanishes. Consequently,
the excitation of the first mode becomes energetically favourable and the condensate is deplet-
ing very efficiently. This is the characteristic property of a quantum phase transition. This
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picture is further substantiated by calculating the occupation number of excited Bogoliubov
modes
n(δk) =
~2δk2/2m− UN/V
2(δk)
− 1
2
, (2.12)
which shows that the vanishing of (δk) is accompanied by an extensive occupation of the
corresponding quantum states. This means that the Bogoliubov approximation is no longer
applicable and quantum corrections are significant. For values U > Uc the energy becomes
imaginary, which signals the formation of a new ground state that is given by the soliton
solution Ψ(sol)0 (x), compare to the discussion in [11]. Moreover, the work of [13, 14] shows
that the system becomes drastically quantum entangled at the critical point, which is yet
another characterization of quantum phase transition.
By making the N dependence of Uc explicit and introducing the new dimensionless
coupling parameter α = UmV/(~2pi2), the condition for the breakdown of the Bogoliubov
approximation becomes
α =
1
N
. (2.13)
This is exactly the condition for self-sustainability in the case of a black hole (2.3). These
considerations closely follow [4], where the authors wanted to illustrate the relation between
black hole physics and Bose-Einstein condensation at the critical point. Of course, in this
toy model the relation (2.13) is not generically realized, but has to be imposed by adjusting
the model parameters by hand. (For a given value of N , the interaction strength U has
to be chosen appropriately.) In the case of GR the left hand side of equation (2.13) is k-
dependant which in principal could allow for a generic cancelation between the two terms in
the squared bracket in the last line of (2.11). This cancelation is assumed to take place up
to 1/N–corrections.
The aim of our work is to present a non-relativistic scalar model that is in principle able to
account for this cancelation and thus generically stays at the point of quantum phase transition
independent of the chosen parameters. It is not possible to derive this result within the
Bogoliubov approximation since a high occupation of quantum states is the defining property
of a quantum phase transition. However, the breakdown of the perturbative approach is a
necessary condition and therefore provides an indication for it.
3 Microscopic Picture of Non-Relativistic Classicalons
3.1 The Model
Non-relativistic classicalizing theories have the advantage of being computable without a
resummation of infinitely many equally important terms as it would be the case for example
in GR. In the following, we will consider a special non-relativistic, classicalizing theory that
was constructed to mimic general relativity. As in [11], we choose to confine our theory in a
1-dimensional box of size V . To be concrete, we consider the following Hamiltonian for the
second quantized field Ψˆ(x) measuring the particle density at position x:
Hˆ =
~2
2m
∫ V
0
dx : (∂xΨˆ)
†(∂xΨˆ) : +λ
∫ V
0
dx :
(
(∂xΨˆ)
†(∂xΨˆ)
)2
: +
κ
∫ V
0
dx :
(
(∂xΨˆ)
†(∂xΨˆ)
)3
: , (3.1)
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where : : denotes the normal ordering. We are looking for homogenous solutions of the
Heisenberg equation
i~
∂
∂t
Ψˆ =
[
Ψˆ, Hˆ
]
, (3.2)
in which the field operator is again replaced by a classical field Ψ0(x). (The subscript 0 will
be suppressed throughout the rest of this work.) We try to generalize the known homogenous
BEC solution (2.10). We can separate the time dependence as in (2.9). Since Ψ(x) is a
complex field, (3.2) has in general the following class of solutions
Ψk(x) =
√
N
V
exp (ikx) , (3.3)
where the momentum k is quantized in steps of 2pi/V by implementing periodic boundary
conditions. The number of particles is denoted by N . Inserting (3.3) in the Hamiltonian (3.1)
results in the polynomial
H(0)
V
=
~2
2m
z + λz2 + κz3 (3.4)
where z = NV k
2.
However, not every solution (3.3) is a local minimum of the energy (3.4). For sure, one
minimum is given by k = 0 (since the kinetic energy contributes positively), which would
exactly correspond to the Minkowski vacuum in the case of general relativity given that this
is the global energetic minimum of the theory (3.1). Moreover, by appropriately choosing the
coefficients λ and κ, we can construct a second minimum of (3.4) at z0 = Nk20/V with positive
energy, denoted with Ψk0 , where k0 > 0. It is easy to show that the corresponding solution
not only minimizes (3.4) (that is, minimizing the energy within the sub-class of homogenous
solutions (3.3)) but is also given as a minimum in complete field space (that is, it is a minimum
for general fluctuations Ψ = Ψk0 + δΨ). It is this solution that will turn into the classicalon
which corresponds to the black hole solution of general relativity. Furthermore, it should be
noted that the chemical potential is zero due to the relation µ ∝ ∂H(0)/∂z|z0 .
3.2 Bogoliubov Theory
We will study the leading quantum perturbations δΨˆ(x) about the classical condensate Ψk0(x).
To this end, we write
Ψˆ(x) =
1√
V
∑
k
aˆ(k)eikx =
1√
V
aˆ(k0)e
ik0x +
1√
V
∑
k 6=k0
aˆ(k)eikx , (3.5)
where aˆ(k) is the annihilation operator of the momentum mode k. The Bogoliubov approx-
imation consists in treating the first term in (3.5) classically due to the large occupation of
the state with momentum k0. The second term presents a small quantum correction. On
account of this, the replacement
aˆ(k0)→
√
N0 (3.6)
is introduced, which allows to identify Ψk0(x) with the first term in (3.5). The second term is
simply the Fourier representation of the quantum perturbation δΨˆ(x) . We want to calculate
the perturbation series up to second order in δΨˆ(x) or aˆ(k 6= k0). Note that once we allow
for an occupation of the momentum states with k 6= k0, we have to distinguish between N0,
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the number of particles in the ground state, and N , the total number of particles. Since we
want to express everything in terms of N , the normalisation condition
aˆ†(k0)aˆ(k0) = N −
∑
k 6=k0
aˆ†(k)aˆ(k) (3.7)
has to be employed. This means that the zeroth order H(0) terms contribute to the second
order H(2) when we express N0 in terms of N . Inserting (3.5) and (3.7) into the Hamiltonian
(3.1), results in the following quadratic order expression:
H(2) =
∑
δk 6=0
[

(1)
0 aˆ
†aˆ+ (2)0 bˆ
†bˆ+ 1(aˆ†bˆ† + bˆaˆ)
]
, (3.8)
where the decomposition k = k0 + δk has been used and the (re-)definitions
aˆ(δk) ≡ aˆ(k0 + δk) , (3.9)
bˆ(δk) ≡ aˆ(k0 − δk) , (3.10)
as well as

(1)
0 = (k0 + δk)
2P0 + Λ0 , (3.11)

(2)
0 = (k0 − δk)2P0 + Λ0 , (3.12)
1 = (k
2
0 − δk2)P1 , (3.13)
apply. Here, the polynomials P0, P1 and Λ0 are functions of the combination z0 and the
coefficients m, λ and κ:
P0 =
~2
4m
+ 2λz0 +
9
2
κz20 (3.14)
Λ0 = −k20
(
~
4m
+ λz0 +
3
2
κz20
)
(3.15)
P1 = λz0 + 3κz
2
0 (3.16)
Note that when using the minimal energy condition ∂H(0)/∂z|z0 = 0, see equation (3.4), we
obtain P0 = P1 and Λ0 = 0 due to the relations 2V (P0 − P1) = ∂H(0)/∂z|z0 and 2V Λ0/k20 =
−∂H(0)/∂z|z0 , respectively. Furthermore, it can be checked that P0 > 0 if z0 corresponds to
the minimum of (3.4) because 2V P1 = z0 ∂2H(0)/∂z2|z0 . The Hamiltonian (3.8) is almost of
the Bogoliubov form and can be diagonolised by means of the transformation
αˆ = uaˆ+ vbˆ† and βˆ = ubˆ+ vaˆ†, (3.17)
where u, v ∈ R. Setting the off-diagonal terms to zero and requiring standard commutation
relations for αˆ and βˆ implies
1
(
u2 + v2
)− 2u v (1)0 + (2)0
2
= 0 , (3.18)
as well as
u2 − v2 = 1 . (3.19)
– 7 –
These two equations are solved by
u = ± 1√
2
(
1
2

(1)
0 + 
(2)
0

+ 1
)1/2
, v = ± 1√
2
(
1
2

(1)
0 + 
(2)
0

− 1
)1/2
, (3.20)
where
 =
√
1
4
(

(1)
0 + 
(2)
0
)2 − 21 . (3.21)
Note that (1)0 and 
(2)
0 are strictly positive, whereas the sign of 1 depends on the value of δk.
Thus in order to fulfill (3.18), we have to choose u and v in (3.20) both positive when δk < k0
and one of both has to be chosen negative when δk > k0. In both cases the diagonalized
version of (3.8) reads
H(2) =
∑
δk 6=0
[(
+
1
2
(
(1)
0 − (2)0 )
)
αˆ†αˆ+
(
− 1
2
(
(1)
0 − (2)0 )
)
βˆ†βˆ + − 1
2
(
(1)
0 + 
(2)
0 )
]
.
(3.22)
Using the definitions (3.11), (3.12) and (3.13), we find  = 2P0k0|δk| and ((1)0 − (2)0 )/2 =
2P0k0δk. Note that  is strictly positive. By employing the relation αˆ(δk) = βˆ(−δk) we find
H(2) =
∑
δk 6=0
[
2
(
+
1
2
(
(1)
0 − (2)0 )
)
αˆ†αˆ+ − 1
2
(
(1)
0 + 
(2)
0 )
]
. (3.23)
Accordingly, the vacuum |0〉 of the Fock space is defined as
αˆ|0〉 = 0 . (3.24)
It follows from the Hamiltonian (3.23) that the combination
e(δk) ≡ 2
(
+
1
2
(
(1)
0 − (2)0 )
)
(3.25)
is the energy of the quasi particles created by αˆ†(δk) with momentum k0 + δk. Since the
vacuum of our theory is defined with respect to αˆ, it contains a non-vanishing amount of
excited real particles associated with aˆ (and bˆ equivalently). This effect goes under the name
quantum depletion and occurs physically due to the interactions amongst the particles which
necessarily pushes some of them to excited states. Their precise number is given by
〈0|aˆ†(δk)aˆ(δk)|0〉 = v2(δk) . (3.26)
This allows to rewrite the energy of the quasi particles associated with αˆ as
e(δk) =
{
8P0k0 δk for δk > 0
0 for δk ≤ 0 (3.27)
and the number of depleted real particles with momentum k0 + δk as
v2(δk) =
1
2
(
k20 + δk
2
2k0|δk| − 1
)
. (3.28)
– 8 –
The above results can easily be generalized to a derivatively coupled theory with an arbitrary
number of higher order terms
H =
rmax∑
r=1
cr
∫ V
0
dx : (∂xΨ
†∂xΨ)r : . (3.29)
Note that the coefficients cr have dimension [energy][length]3r−1. The standard kinetic term
corresponds to r = 1 for which the coefficient is c1 = ~2/(2m). The energy of the quasi
particles and the number of depleted particles are given by (3.27) and (3.28) where P0 now
is given by the generalized expression
P0 =
rmax∑
r=1
cr
r2
2
(
N
V
)r−1 (
k20
)r−1
, (3.30)
and k0 is determined as a minimum of the generalized version of (3.4)
H(0)
V
=
rmax∑
r=1
cr
(
k2
)r (N
V
)r
. (3.31)
The coefficients cr have again to be chosen such that there is a non trivial minimum.
3.3 Discussion
Our results incorporate the vanishing of the energy gap for δk < 0. This (at least partly)
vanishing energy gap can be considered as an indication for the occurrence of a quantum
phase transition, as we discussed in section 2.2. Moreover, we see that the Bogoliubov modes
become highly occupied for δk  k0. This in fact signals a breakdown of the Bogoliubov
theory anyways, as two succeeding terms in the quantum perturbation theory compare as
N0 (k0 + δk)
2 k20δN ∼ N1/20 (k0 + δk)3 k0δN3/2 , (3.32)
where δN denotes the number of excited particles in the momentum state k0 + δk. Equa-
tion (3.32) clearly shows that the number of excited particles should at least be suppressed
as δN ∼ N0k20/δk2. The result for the number of depleted particles (3.28) is, however, com-
pletely the opposite, as it is not suppressed but enhanced for large δk. Therefore, we can
safely conclude that the perturbative approximation has broken down anyways. Again, this
is in accordance with the expectation of being at the quantum critical point because at this
point the system behaves purely quantum and cannot even approximately be described clas-
sically. Therefore, the breakdown of the Bogoliubov theory was expected, since it amounts
to calculate the perturbative quantum corrections around a classical ground state.
Note that the breakdown is also intuitive from the viewpoint of a vanishing energy gap
for the quasi particles with δk < 0. Of course, neither aˆ or bˆ particles can directly be related
with the direction of αˆ or βˆ particles in phase space. But the vanishing of the energy gap
should somehow be transferred into the sector of physical aˆ and bˆ particles. Since a vanishing
energy gap means that it is indefinitely easy to excite the quasi particles, we seem to recover
this behavior in the high momentum sector of aˆ and bˆ particles.
We can also perform the Bogoliubov approximation around the global minimum of (3.4)
at k = 0. Due to the derivatively coupled nature of the interaction terms, the higher order
terms in (3.1) do not contribute, which in turn implies that the Hamiltonian (3.8) is already
diagonal. Therefore, there is no depletion of the vacuum which allows us to further extend
the GR analogy: This state would simply correspond to the Minkowski vacuum in the case
of GR.
– 9 –
4 Future Prospects
Contrary to model (2.5), where the critical point is actually reached and crossed by sufficiently
increasing the interaction strength U , in our model there is some indication that the system
stays at the point of quantum phase transition and does not organize itself in a new classical
ground state. However, this indication is only inferred from the observation of the breakdown
of the Bogoliubov theory. To get some solid measures, we need to go beyond the Bogoliubov
approximation in the next step [15]. This can be achieved by a full quantum mechanical
treatment of the theory (3.1). The diagonalization of the Hamiltonian can be performed
under the assumption that only the lowest l momentum eigenstates are significantly occupied
(given that we are supposed to sit in a local minimum, this seems to be a good assumption).
Therefore, it suffices to diagonalize the Hamiltonian within a Hilbert subspace containing only
a finite number of states describing N bosons occupying l different momentum eigenstates.
For l chosen appropriately small the calculation is numerically feasible and has been performed
in the case of the non-derivativly coupled model in [11]. By means of this calculation we would
be able to address quantitative questions, such as the size of the energy gap, the number and
spectrum of depleted particles or the amount of quantum entanglement in the system.
The generalization of our results to a relativistic classicalon theory offers another promis-
ing prospect of future research. This necessitates to apply the ideas of the Bogoliubov ap-
proach to a relativistic theory and would be a significant step towards a more quantitative
treatment of the black hole condensate in general relativity.
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